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On Axiomatic Characterization
of Information-Theoretic
Measures
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An axiomatic characterization of an information-theoretic quantity asso-
ciated with a pair of probability distributions having the same number of
elements has been given. This quantity, under additional suitable conditions,
leads to Kullback’s information and Kerridge’s inaccuracy concepts.
By modifying one of the axioms, the two-parameter generalization of these
is obtained.
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1. INTRODUCTION

Let D™ denote the set of P*, where P™ = (py,..., Pu)y ;s = 0, 201 p; < 1,i5an
n-probability vector. Also let a subset D* of D* contain only those P* for
which 37, p; = 1. Further, we shall denote by A, = D" x D" the set of all
ordered pairs (P™; Q"), P*e D" and Q" € D"

There are two information-theoretic measures associated with a pair of
n-probability vectors which are of great significance in statistical estimation
and physics. One is the measure of information known as Kullback’s informa-
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tion or directed divergence®819 and is given by

(P 0 = 3 pilo(pia) 0

and the other is Kerridge’s inaccurary™® given by
n
fi(P"; QY = = 2 pilogg; )
i=1

Both these include Shannon’s entropy as a particular case.

The object of this paper is to give an axiomatic characterization of a
measure which jointly contains (1) and (2). Also, by taking further conditions,
and these are essentially those which make them basically different from
Shannon’s entropy, we obtain these two measures separately. A suitable
modification in one of the axioms which specifies the branching property of
the measures has been used to study two-parameter generalizations of (1) and
(2).

In what follows we shall assume that 0log 0 = 0 log(0/0) = 0 and all
logarithms are considered to the base 2.

2. AXIOMS FOR INFORMATION MEASURES
We consider a mapping I, of A, into set of real numbers, i.e.,
I: A, — R (reals)

Our aim is to make the function I, a measure of information for a pair
of n-probability vectors. We assume the following axioms:

Axiom 1. (Symmetry): I,(P*%; 0% is symmetric for any permutation of
elements in P* followed by the same permutation in Q*.

Axiom 2. (Branching property):

In(Pna Qn) - In—l(pl + szl’s,--~;Pn;(11 + q25q35-s Qn)

= ¢(P1,P2;91,92), n=3,4,.
Axiom 3. (Additivity):
L(P" # R?; Q" % §%) = I(P"; Q") + I(R*; S?)
where R?2 = (r,1 —r) and P"* R?Z = (pyr, ps(1 — P),..., po1, po(1 — 1)),
forn = 2, 3.
It is clear from Axiom 1 that the symmetry requirement is very limited
as taken for n = 4; this is also the case with additivity. in Axiom 3, where we

use only I,; the branching property is a natural adaptation of one taken by
Faddeev (see Ref. 3) for characterizing Shannon’s entropy.
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Now we will give as lemmas some results based on the above axioms.

Lemma 1. The function I, satisfying Axioms 1-3 is symmetric for every

n.
Proof of this lemma follows exactly on the lines of Forte and Daroczy.®
Lemma 2. If I, verifies Axioms 1-3 and we define
rs(ps @) = $(pr, p( — 7); 45, 9(1 — 5)) &)
then for each r, s € [0, 1], 4, ; satisfies Cauchy’s functional equation,
br(p1 + P25 gy + ga) = (P qa) + hr(P2; G2) 4

where p;, pa, 1,92 2 05py + pa S 15q1 + g2 < 1.
Proof. From Lemma 1 and Axiom 2, we get

Lo(P 5 RE; 0+ 57)
= L 0 + D) Ko pll — i all = ) ©)

On the other hand, from Axiom 3 for n = 2 and 3, we have
Ln(P™ * R?; Q" S?) = L(P"; Q) + L(R?; $?) ©)
Comparing (5) and (6), we obtain for n = 2 and 3,

> Hor 1~ D3, a0 - 5) = L(RE; 59 )

In particular for n =3, i.e., for (P?; 0% €A,
(par, p1(1 — 1); qus, (1 — 5)

+ $(par, pa(1 — 1); o5, g2(1 — 5))

+ $(par, ps(1 — 1);5 g8, go(1 — 5)) = I,(R*; S%) (8)
and also replacing the distribution (py, ps, p3) by (p1 + P2, ps) and {q,, g2, gs)
by (41 + 42, gs), we have
$((p1 + po)rs (pr + P — 1); (g1 + G2)s, (g1 + ga)(1 — 9))

+ $(par, ps(1 — 1); 455, ga(1 — 5)) = L,(R?; S%) )

Subtracting (9) from (8), we have
((p1 + palr, (P + )1 — 1); (g1 + g2)s, (g1 + g2)(1 — )

= ¢(prr, pi(l = r); 415, q:(1 — 5))

+ ¢(par, po(l — 1); pas, pol — 5))
which gives (4). Q.E.D.



340 Bhu Dev Sharma and Inder Jeet Taneja

Lemma 3. Let the function ¢ as given in Axiom 2 be (i) bounded and

@) 4,0;9) =0 for gel0,1] (10)
then
95(P1,P2§ qla 42)
D1 Da q1 qs
= + 1. ’ 5 ’ 11
(P + p2) 2(Pl + P2 pr Pt 1t 42) (D

where I, satisfies Axioms 1-3.
Proof. Putting p; = 0 in (4) and using (10), we have

br (P23 q2) = $r.(Pas 41 + q2) (12)

for p,€[0,1],0 < 2,91 + g2 < L.
Thus we may say that 4, (p; g) is independent of g. So we write

$r(P2;q) = by (pa)  for pye[0,1] (13)
Equation (4) then becomes
br,s(pl) + br,s(Pz) = br,s(Pl + Pz) (14)

for p,, p, €10, 1] with p, + p, < L.
Since the function ¢, (p; g) is bounded, so is b, (p); therefore the solu-
tion of the Cauchy’s functional equation (14) is given by

br,s(p) = pbr,s(l) (15)
But from (12), (13), and (15) (see Kannappan®) we find that
$ro(p;q) = prs(1; 1),  pel0,1], g0, 1]
In addition, the definition of , (p; g) implies

$(pr,p(1 — r);qs5,q(1 — 5)) = pd(r,1 —r;5,1 —3) (16)
2,4 €10, 1]. Thus from (7) we get
I(R?; S%) = ¢(r,1 —r;s,1 — ) an

Now setting p, = pr, po = p(1 — 1), g1 = gs, and g, = ¢(1 — s) in (16)
and using (17), we have Eq. (11), which proves the lemma. Q.E.D.

As a matter of consequence, Axiom 2 reduces precisely to

L(P™; Q") — Li—1(p1 + P2y Psseees Pri Q1 + G2, Gasees Gn)

=(p1+p2)12( T SR | W ) (18)

Pr+p2prtpl gt gz g+ g

which is now the form of the branching property.
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Lemma 4. If v, >0, £k =1,2

geees 11, le=lvk = Di > 0, and hk > 03
k=1,2,.

o, DF_ b = ¢, > 0foreveryi=1,2,...,n, then

Im+n—1(p17---3 Di-1, V5eney Umapi-{»l""a pn; ‘h LERES ] qi—l; hl)"" hma %‘+1,---, Qn)

Uy Um hl hm)
= L(P™; O + pl. peeny =3 —peney
P 0" + pid, (p

19
i Pi 4q; q: (19)

Proof. For m = 2 this reduces to (18). The lemma will be proved by
induction.

Applying (19) form in I, .,

Im+n(p1 sres Pic1s Utseens Ump 15 Pit 105 Pns G155 Gi— 15 hl seees hm+19 Git 100y Qn)

= n+1(p19“'3 Di-1> Ulaﬁ: Divis-sPas9iseees di-1s hlné? qi+17'--7qn)
+p]m(z’;p.‘_2‘""! Um+l'ﬁga'" hm+l)

F°d G 0
v Pl g
— nPn ) +- 11( 1 )
( 0" + piks P4 G

+ Im(%"") U”;.FI;%?P"; hmqj-l) (21)

(p_ =VpFt Upyr, § = h2 +eee hm+1) reduCing 1n+l tor, and 1, by (18)
But for n = 2 and m = m, (19) is

I (U1 . Um+1 hl » h}n+1)
m+1 ’ v
Di D p1 Di

[(Ul p. hl ‘1)

Di pi qt q;

# (2o e S ) 22)
ARV A A A

Using (21) in (20), the result of the lemma follows for m + 1.

Q.E.D.

L2,,m, 20 vy =p >0, and hy; > 0,

Lemma 5. If v; >0, j=
s l= 1:2:-"9 n, Z?=1pi = 1’ Zlﬁ=1 qi < 1’ then

0
Jji=12,.., mhz;'nélhw <1

Inmn( Vnmn . Hnmn)

n. Uy Utmt h1 Gim,
= L(P"; O") + z Pi m(pl,..., B ——)

23
" g q; @3)
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This follows simply from the above lemmas (refer to Havrda and Char-
vat®),

Next if in Lemma 5 we replace m; by m, v;; = 1/mn, hy; = 1jrs, q; = 1/s,
i=1,2,.,nj=1,2,.,m, where m, n, r, and s are positive integers such
that 1 € m < r, 1 < n < s, then we obtain

F(mn; rs) = F(m;r) + F(r;s) 24

where
Fim;r) = I(/m,..., 1m; 1/r,..., 1/r) (25)
We now state without proof the standard result (see Aczel,’” Chapter 5).

Lemma 6. The most general bounded solution of the Cauchy’s func-
tional equation in two variables given by (24) is

F(m;r)= A"logm + B’ logr (26)
where 4’ and B’ are arbitrary constants.
Thus we can say that Lemmas 1-6 are consequences of axioms 1-3.
We now come to the central theorem of this paper.

Theorem 1. Axioms 1-3 together with the continuity of I, in the region
A, determine the function 7, as

L(P™ Q") = 4 D> plogp, + B D pilogyg, @7)
i=1 i=1

where 4 and B are arbitrary constants.

Proof. If m, r;, and ¢, are positive integers such that >7., r; = m and
Su.t; = mand if we put p; = r/m, q, = t;/r,i = 1, 2,..., n, then an applica-
tion of Lemma 5 gives

I /m,..., 1/m; 1r,..., 1]r)

Z 1P 0N 4 S P (U r 1r Vb 1/2) @8)
or
HWO=n@%@%+2mﬂmm 29)

Thus (29) together with (26) and (28) gives Eq. (27), where 4 = — 4’
and B = — B’ are arbitrary constants and then continuity of I, proves the
result for reals. Q.E.D.
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3. APPLICATIONS TO INFORMATION THEORY

As remarked earlier, Kullback’s information (or directed divergence) and
Kerridge’s inaccuracy are two information-theoretic measures associated
with a pair of distributions and their characterizations are given below.

Theorem 2. (Kullback’s information): The continuous mapping I,:
A, — R (reals) under Axioms 1-3 and with

IZ(PZ;PZ) = 09 pE (O’ 1) (30)
and
1,(1,0;4,%) =1 (3D
is given by
(P75 0% = 2 pilog (pilgy) (32)
i=1

Proof. Equation (27) with (30) gives 4 + B = 0 and then (31) gives
A = 1. Thus (27) becomes (32), which is Kullback’s information. Q.E.D.

Theorem 3. (Kerridge’s inaccuracy): The continuous mapping I:
A, = R (reals) under Axioms 1-3 and with

I(p1, Pas P33 915 92> 93) = Io(p1, P2 + P33 41, q2) (33)
and
LG, 545, D =1 (34)
is given by
oIu(P™; QM) = — > pilogy, (35)
i=1

Proof. Here Eq. (27) with (33) gives 4 = 0 and then (34) gives B = — L.
Thus (27) reduces to (35), which is Kerridge’s inaccuracy. Q.E.D.
Note. Condition (33) is Axiom 4 taken by Kerridge® and, as emphasized

by Kerridge, is the most important additional axiom for characterizing
inaccuracy.

4. GENERALIZED MEASURE OF TYPE (¢, j)

Now let the mapping I, denoted by I{*# depend on two parameters e and
B, and in place of Axiom 2 [form (18)], we have the branching property of
type (e, B) given by:

Axiom 2'. (Generalized branching property):
1120::1]3.)(‘01 seens Pi1s vil ’ vi2 ’ pi+ 1sees pn;

ql EARE] qi -1 hi1 > hiz s Git15e00s qn)

v, v, hy h
= [@h Pr; O™ + pig®I (_11, _13; e _2)
( 29 + pialls 2 Z N /]
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for every v, +v,=p; >0, b, +h,=¢q >0, i=12,..n where
o and B are arbitrary parameters such that « % 1, 8 # 0.

It can be seen that Axiom 2’ reduces to (18) fora = 1, 8 = 0.

This generalized branching property now gives measures whose charac-
terization is given in the next theorem.

Theorem 4. Axioms 1, 2’, and 3 together with continuity of I{*# in the
region A, determine the function I®# as

o @) = C@p| S et~ 1], L B£O GO
i=1

where C(«, B) (# 0) is a constant depending upon the parameters « and 3.
Proof. With the help of Axiom 2’, Lemma 5 takes the form
Iégtn;‘B)(Vnm,,’. H"'"")

2 . Usm. hs h;
= J@B(Pr; On) + & iﬁI&a,B)(h.,,,.ﬂ;_@.,,,.1_"”) 37
(P70 le R VR g 37

Now setting the substitution given in (23) in (37), we obtain
FB(mn; rs) = FP(n; s) + (1/n)*~*(1/s) F*P(m; r) (38)

where F<8(m; r) = I®(1/m,..., 1/m; 1/r,..., 1]r).
Because of the symmetry of I&%-#, (38) can be written as

F(a.ﬁ)(mn; I’S) — F(a.ﬁ)(m; r) + (l/m)a—l(l/r)BF(u,ﬁ)(n; S) (39)
Equations (38) and (39) give
FB(m;r) = C(a, BI(1/m)~2(1/r)? — 1] (40)

where C(o, B) (#0) is a constant depending upon the parameters « and S.
Again setting (28) in (37), we obtain

I*®(1/m,..., 1/m; 1]r,..., 1/r)
= I&EO(P QM) + O pgPT e (U ryenny 115 1ty 1/8)
i=1
ie.,
IEP(P™; Q7) = FPmsr) = 2 plglF(r 1) (1)
i=1

Now (41) together with (40) gives (36). Q.E.D.
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Earlier Sharma and Ram Autar??:*® have studied a quantity

L(Pr; Q") = (267 — 1)‘1[2 plai=? — 1], atl, B#1
i=1

which arises from the study of generalized functional equation.

4.1, Particular Cases

Case I. Expression (36) together with (30) and (31) gives
B @) = @7 = 0 S pt -], ar 1 @)
i=1

Quantity (42) was earlier studied by Rathie and Kannappan®® and
reduces to Kullback’s information (32) in the limiting case o« — 1.

Case II. Expression (36) together with (33) and (34) gives

LA @) = @ -0 Spat 1) B0 @)

Expression (43) reduces to (35) when 8 — 0, which is Kerridge’s in-
accuracy.
Some interesting properties of expression (36) will be studied elsewhere.
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